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Dixon (1899), Walter and Husty (2007)



Proper flexible labeling

An edge labeling A : E — Ry of K33 = (V, E) is called proper
flexible if the system

(xa, ya) = (0,0)
(XVaYV) = ()\nv,o)
(xu — XV)2 + (yu — y\,)2 = )\12“,, YuveE.

has a 1-dimensional irreducible component, called an algebraic
motion, such that

(xo = %)+ (o —w)?#0, Yuv¢E.



NAC-colorings

Definition

A coloring of edges d : E — {blue, red} is called a NAC-coloring, if
it is surjective and for every cycle in G, either all edges in the cycle
have the same color, or there are at least two blue and two red

edges in the cycle.
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Active NAC-colorings

/\Lzlv = (XV_XU)2 + (yv—yu)2
= ((xv—xu) +ilyv —yu)) ((xv =xu) —i(Yv —yu))
W Za

Lemma (GLS)
Let A\ be a flexible labeling of a graph G. Let C be an algebraic
motion of (G, \). If « € Q and v is a valuation of the complex
function field of C such that there exists edges uv, uv with
v(Wgv) =« and v(Wyo) > «, then 6 : Eg — {red, blue} given by
v)

o(uv) =red <= v(W,,) > a,
d(uv) = blue <= v(W,,) < a.

is a NAC-coloring, called active.



Active NAC-colorings of quadrilaterals

Quadrilateral Motion Active NAC-colorings
arallel

Rhombus i D
degenerate D resp. D

Parallelogram D

Antiparallelogram D D

nondegenerate

Deltoid & 0 O

degenerate D

General D D D



Orthogonal diagonals
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Lemma (GLS)

If ese is an active NAC-coloring of an algebraic motion of (K33, \),
then

Mo+ 250 = N33 + M,

namely, the 4-cycle (1,2,3,4) has orthogonal diagonals.



Ramification formula

Theorem (GLS)

Let C be an algebraic motion of (G, \) with the set of active

NAC-colorings N. There exist ps € Z>q for all NAC-colorings § of
G such that:

1. pus #0 ifand only if § € N, and

2. for every 4-cycle (V;, E;) of G, there exists a positive
integer d; such that

> mws=d;  foralld €{d|g:5€ N}.
deNACq
8lg=0"
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Classification of motions of Kj3

e Find all possible types of motions of 4-cycles with
consistent ugs's — 112 out of
e 32768 = 2% subsets of NAC-colorings, or
e 1953125 = 5% motion types of 4-cycles, or
e 3075 motion types of 4-cycles iteratively
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Implementation — SageMath package FlexRiLoG
(https://github.com/Legersky/flexrilog)
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4-cycles

active NAC-colorings
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{€12, €23, €34, €14}
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Computer-free proof

... for every 4-cycle (V;, E;) of G, there exists a positive integer dj
such that

Z ps = d for all §' € {0|g,: 6 € N}.
deNACe
dlg=0"
The number d; is actually the degree of the projection of the
algebraic motion to the i-th 4-cycle.

= can be determined (assuming that the motion is not Dixon I)
and used to decrease the number of cases to be checked (26).
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Thank you

jan.legersky@risc.jku.at

jan.legersky.cz
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