Jan Legersky, Milena Svobodova

FNSPE, CTU in Prague
jan.legersky@gmail.com

Workshop on Automatic Sequences — Liége

May 27, 2015

1/22


jan.legersky@gmail.com

Parallel Addition
Method
Result examples

@ Parallel Addition
Standard numeration systems
Non-standard numeration systems

® Method
Phase 1 — Set of weight coefficients
Phase 2 — Weight function

© Result examples

2 /22



Positional numeration system (3, A) is defined by
e Base 5 € C,|5] > 1.
e Finite digit set A C 7Z containing 0, usually called alphabet.

3/22



Positional numeration system (3, .A) is defined by
e Base 5 € C,|5] > 1.
e Finite digit set A C 7Z containing 0, usually called alphabet.

A complex number x has a finite (3, .A)-representation
if x = ZJ’-'Z_mxjﬁf with coefficients x; in A.

X = XpXp—1"""X1X0 ® X_1X_2" " X_m
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X = XpXp—1-**X1X0 ® X_1X_2 ***X—m ,xi €A
+
Y =YnYn-1"""Y1Y0®Y-1Y-2"""Y-m yi€A

W= WhWp_1---WIWg@W_1W 2" W_pn,

where
wi=xi+y € A+ A.
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X = XpXp—1-**X1X0 ® X_1X_2 ***X—m ,xi €A
+
Y =YnYn-1"""Y1Y0®Y-1Y-2"""Y-m yi€A

W= WyWp_ 1 - WIW)®W_{W_ 2 W_p,
where
wi=xi+y € A+ A.
Goal — find (3, .A)-representation of w, i.e. a sequence
ZnZp' 121202122 " Z_
such that z; € A and

ZnZy 12120 Z_1Z D " Z_p — W
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Method
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Standard numeration systems
Non-standard numeration systems

We have 0 =1-3 — -3~ =1(-B)0---0e
— We add g; - 0 for each j:
0=gq;- 3 —Bg -/

WnWp—1 - Wj+1 wj Wj_1 o wiwpe
qj—2
g1 —Bgji1
qj —Bq;
—Bgj11
Zn+1ZpnZp-1 - Zj+1 Zj Zj—1 71 Zpe
fr—

zi=wj+gqg-1—qpPeA
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Assume now a standard numeration system (3, .A):

BeN,3>2,A=1{0,1,2,...,8—1}
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Standard numeration systems
Non-standard numeration systems

Assume now a standard numeration system (3,.4):
/BEN75227A:{07172776_1}
Conversion runs from right to left:

WaWp_1 - Wjriwjwj_1---wiwge ,w; € A+ A,

— Zn41 Zn Zn—1 " Zj41Zj Zj—1 - Z1 2@ ,zi e A.

zj=w;+ qj-1— q;f
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Standard numeration systems
Non-standard numeration systems

Assume now a standard numeration system (3,.4):
/BEN75227A:{07172775_1}
Conversion runs from right to left:

WaWp_1 - Wjriwjwj_1---wiwge ,w; € A+ A,

— Zn41 Zn Zn—1 " Zj41Zj Zj—1 - Z1 Z0® ,zi e A.

zj = wj +qj-1— g

The weight coefficients g; and digits z; are unique in the standard
numeration system

Thus, addition is linear in length of inputs.

6 /22



Introduced by Avizienis in 1961:

"'Wj+t+1Wj+t"'Wj+1Wjo—1"'Wj—er—r—1“' ,WI€A+A,

Yo Zigtql Zigt 0 Zj41Z) Zi—1 cc Zj—r Zj—r—1 -, Zi € A.
Digit conversion is a mapping (A + A)+1 — A:

2j = Zj(Wjit - Wi WjWj1 - W) -
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Introduced by Avizienis in 1961:

"'Wj+t+1Wj+t"'Wj+1Wjo—1"'Wj—er—r—1"' ,WIEA+A,

Yo Zigtql Zigt 0 Zj41Z) Zi—1 cc Zj—r Zj—r—1 -, Zi € A.
Digit conversion is a mapping (A + A)f+1 — A:
2 = Z(Wjre Wi Wjwj—1 - W) -

Thus the parallel addition is done in constant time but the
numeration system must be redundant — a number has more than
one admissible representation.
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Parallel Addition .
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Result examples

Parallel Addition

Introduced by Avizienis in 1961:
M/J+t+1M/‘j+tM/J+1VVJVijlVV17rVVJ—r—1 , W, €A+A,
_> Zj+t+1 ZJ+f Z_]+1ijj—1 “'zj—l‘zj—l‘—l 7Zi GA
Digit conversion is a mapping (A + A)H+1 — A:
2j = Zj(Wjie - Wi WjWj—1 - Wjr).©

Thus the parallel addition is done in constant time but the
numeration system must be redundant — a number has more than
one admissible representation.

For example:

BeN,B>3 A={-a,...,0,...a},b/2<a<b-1.
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Integer alphabets:
e Base p € C,|f] > 1.
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Integer alphabets:

e Base p € C,|f] > 1.

e Addition is computable in parallel if and only if 3 is
an algebraic number with no conjugate of modulus 1
[Frougny, Heller, Pelantova, S. |.
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Non-standard numeration systems

Non-standard numeration systems

Integer alphabets:
e Base 5 € C, || > 1.

e Addition is computable in parallel if and only if 3 is
an algebraic number with no conjugate of modulus 1
[Frougny, Heller, Pelantovi, S. |.

e Algorithms are known but with large alphabets.
Non-integer alphabets:
e Base § € Z[w] = {Zf:_ol aw :aj€ Z}, where w € C is
an algebraic integer of degree d.
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Non-standard numeration systems

Integer alphabets:
e Base 5 € C, || > 1.

e Addition is computable in parallel if and only if 3 is
an algebraic number with no conjugate of modulus 1
[Frougny, Heller, Pelantovi, S. |.

e Algorithms are known but with large alphabets.

Non-integer alphabets:

e Base § € Z[w] = {Zf:_ol ajw aje Z}, where w € C is
an algebraic integer of degree d.
e Alphabet A C Z[w],0 € A.
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[Frougny, Heller, Pelantovi, S. |.

e Algorithms are known but with large alphabets.
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Parallel Addition
Method
Result examples

Standard numeration systems
Non-standard numeration systems

Non-standard numeration systems

Integer alphabets:
e Base 5 € C, || > 1.

e Addition is computable in parallel if and only if 3 is
an algebraic number with no conjugate of modulus 1
[Frougny, Heller, Pelantovi, S. |.

e Algorithms are known but with large alphabets.
Non-integer alphabets:

e Base § € Z[w] = {Zf:_ol ajw aje Z}, where w € C is
an algebraic integer of degree d.
e Alphabet A C Z[w],0 € A.
e Only few manually found algorithms.
How do we find systematically algorithms with minimal alphabets?
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Key problem — find weight coefficients g; such that

zi= w +ga1—qgpfeA
~~
eATA

for any input w and every j.
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PEEllE Aty Phase 1 — Set of weight coefficients

Method Phase 2 — Weight function
Result examples

Method for construction of parallel addition algorithms

Key problem — find weight coefficients g; such that

zi= w +gi1—gpbeA
~~
cATA

for any input w and every j.
In order to do that we need to find M € N and

q: (A+AM — Q C Z[w] such that g; = q(wj, ..., wj_m+1)-
The mapping q is called the weight function.
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Parallel Addition
Method
Result examples

Phase 1 — Set of weight coefficients
Phase 2 — Weight function

Method for construction of parallel addition algorithms
Key problem — find weight coefficients g; such that

zi= w +gi1—gpeA
~~
cATA

for any input w and every j.

In order to do that we need to find M € N and

q: (A+AM — Q C Z[w] such that g; = q(wj, ..., wj_m+1)-
The mapping q is called the weight function.

Our method:
@ Find set Q C Z|w] of possible weight coefficients.
@ Increment M and for each wj, w;_1,...,wj_m11 € (A+ A)M

try to find a weight coefficient from Q to define q.
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We want to find set of weight coefficients Q C Z[w] such that

e
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We want to find set of weight coefficients Q C Z[w] such that

Wi 2 cL g
wj€ qj-1€ zje Bq;€

It implies that there is g; € Q such that
zj=wj+q-1-gfcA

forall gj_1 € Q and w; € A+ A.
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We build Q iteratively:
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We build Q iteratively:

Phasel
k=0
Set Qp := {0}
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We build Q iteratively:

k:=0
Set Qp := {0}
Repeat:

o extend O to Ok1 in a minimal possible way so that
(A+A)+ Ok C A+ BOky1,

e k:=k+1
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We build Q iteratively:
k:=0

Set Qp := {0}
Repeat:

o extend O to Ok1 in a minimal possible way so that
(A+A)+ Ok C A+ BOky1,

e k:=k+1
until Qy = Qk+1-
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Pl A'jg;th'g; Phase 1 — Set of weight coefficients

Resulls Genpis Phase 2 — Weight function

We build Q iteratively:
Phase 1
k:=0

Set Qp := {0}
Repeat:

o extend Qf to Ok in a minimal possible way so that

(A+A)+ Q9 C A+ BQsi1,

o ki=k+1
until Qy = Qk—i—l-
Q= O

11/ 22



e Base 3 =w — 1, where w =exp(%),w2+w+1 =0.
e Minimal polynomial of the base is 3% + 33 + 3.
e Alphabet A ={0,1,-1,w, —w,—w — 1,w + 1} C Z[w].
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We want to find a length of the window M and a weight function
q: (A+ M - Q.

14 / 22



Pl A,j:m:z Phase 1 — Set of weight coefficients

Result examples Phase 2 — Weight function

Phase 2 — searching for a weight function

We want to find a length of the window M and a weight function
qg:(A+AM - Q.

Suppose that the length of the window is m.

The idea is to check all possible right carries g;_; and determine
values g; such that

zj=wj+gi-1—gfc A

The set of all such needed values of g; is denoted by
Q[ijv“’M/jan»l] C Q
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Phase 2 — searching for a weight function

We want to find a length of the window M and a weight function
qg:(A+AM - Q.

Suppose that the length of the window is m.

The idea is to check all possible right carries g;_; and determine
values g; such that

zj=wj+gi-1—gfc A

The set of all such needed values of g; is denoted by
Q[ijv“’M/jan»l] - Q
The length M and weight function g is found when

#Q[VW,...,VW,M+1] =1

for all wj,...,wj_pm41 € (A+ A)M.
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m:=1
For each w; € A+ A find minimal set Q[Wj] C Q such that

wj +Q C A+ Q)
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Method
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Phase 1 — Set of weight coefficients
Phase 2 — Weight function

Phase 2
m:=1
For each w; € A+ A find minimal set Q[Wj] C 9 such that

wj+Q C A+ BQ[u;

While (max{#Q[ij’WjimH] (W Wimmg1) € (A+A)TE > 1)
do:
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Phase 2
m:=1
For each w; € A+ A find minimal set Q[Wj] C 9 such that

wj+Q C A+ BQ[u;

While (max{#Qu, ..w; 1] (W, Wjmy1) € (A+ A)™} > 1)
do:
e m=m-+1
e For each (wj,...,wj_my1) € (A+ A)™ find minimal set
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Phase 1 — Set of weight coefficients
Phase 2 — Weight function

Phase 2
m:=1
For each w; € A+ A find minimal set Q[Wj] C 9 such that

wj+Q C A+ BQ[u;

While (max{#Qu, ..w; 1] (W, Wjmy1) € (A+ A)™} > 1)
do:
e m=m-+1
e For each (wj,...,wj_my1) € (A+ A)™ find minimal set
O mes] C Lwj,..owj_mso] SUCh that

wj + Q[V\/j—lw-,%‘—mﬂl CA+ B wj—maa]

M:=m
q(wj, ..., wj—m+1) := only element of Q. w; 1]
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Now we have parallel conversion algorithm:

Zp=wj+q-1— gl =
wi + q(wj—1, wi—2,...,wi—m) — Ba(wj, wj_1,. .., Wj_my1) =

ZJ(VVJa Wj—1,.--, VVJ—M) :
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Let us continue with Eisenstein numeration system.
Assume the inputis w = w12.
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Input: w=w1l2
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Input: w=w1l2
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Input: w=w1l2

w+9Q
7 C?

A+,8'Q[w]
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Input: w=w1l2
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Input: w=w1l2
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Input: w=w1l2
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Input: w=w1l2

Im
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Input: w=w1l2
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Input: w=w1l2
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Input: w=w1l2

W+ Qpp
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A+5-Q1 9
° ‘ . Re
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Input: w=w1l2

W+ Q9
C
A+5-Q1 9
ol ‘ . Re
25 Quig
_1,
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Input: w=w1l2

Q12
1 ZQ(w:132)
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e Minimality of extension Q1 or Q[Wj,“
minimality in their size and/or in modulus of their elements.

Wj_ms] MEANS
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e Selection of extension Q41 and Qyy, . is not unique.

~ij—m+1]
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e Minimality of extension Q1 or Q[,,,,J.,.“,M_mﬂl means
minimality in their size and/or in modulus of their elements.

o Selection of extension Qky1 and Q[ ., ,.,] is NOt unique.
e Number of inputs grows exponentially in Phase 2.
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Minimality of extension Q1 or Q["ij-~-7vvj—m+1] means
minimality in their size and/or in modulus of their elements.

Selection of extension Qxi1 and Qpu; w1
Number of inputs grows exponentially in Phase 2.

Convergence is not guaranteed!

is not unique.
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Minimality of extension Q1 or Q[,,,,J.,m,
minimality in their size and/or in modulus of their elements.

W_mi1] MeE2NS
Selection of extension Qi1 and Q. w,_,,.,] IS NOt unique.
Number of inputs grows exponentially in Phase 2.
Convergence is not guaranteed!

e Phase 1 — sufficient condition is known
e Phase 2 — work in progress
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Parallel Addition
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Phase 1 — Set of weight coefficients
Phase 2 — Weight function

Summary

° I\/I.in.imallity .of ext.ens.ion Qkr1 or Q[%m’mimﬂ] means
minimality in their size and/or in modulus of their elements.

e Selection of extension Q41 and Qyy, . is not unique.

'7Wj*m+1]
o Number of inputs grows exponentially in Phase 2.
e Convergence is not guaranteed!
e Phase 1 — sufficient condition is known
e Phase 2 — work in progress
e Experimental implementation in Sage gives good results for
several tested cases.
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Successful: parallel addition algorithms found by the program
e Eisenstein: 2+ 33 + 3 = 0 with A C Z[f] of size #A =7
e Penney: 32+ 23 +2 =0 with A C Z[B] of size #A4 =5

e integer: S —b=0,b>1with ACZofsize ##A=b+1
= same result as Avizienis and Chow & Robertson in 1960-70s

e quadratic complex: 32 + 43 +5 =0 with A C Z[3] of #.4 = 10
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Result examples

Successful: parallel addition algorithms found by the program
e Eisenstein: 2+ 33 + 3 = 0 with A C Z[f] of size #A =7
e Penney: 32+ 23+ 2 =0 with A C Z[f] of size #4 =5

o integer: S —b=0,b>1with ACZofsize#A=b+1
= same result as Avizienis and Chow & Robertson in 1960-70s

e quadratic complex: 32 + 43 +5 =0 with A C Z[3] of #.4 = 10
Unsuccessful:

e Eisenstein: 32 438+ 3 =0 with A C Z of size #A =7

e Penney: 32 +23+2 =0 with A C Z of size #4 =5

e quadratic complex: 32 + 43 +5 =0 with A C Z of #.A = 10

e quadratic real: 82 =584 3 =0 with A C Z of size #A4A =7
( failure / non-convergence already in Phase 1.)
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What are the mathematical reasons for (non)convergence of the
iterative method 7

21 /22



What are the mathematical reasons for (non)convergence of the
iterative method 7

How to ensure convergence of the program for construction of
parallel addition algorithms ?

21 /22



What are the mathematical reasons for (non)convergence of the
iterative method 7

How to ensure convergence of the program for construction of
parallel addition algorithms ?

= Alternatives to elaborate:

21 /22



Parallel Addition
Method
Result examples

Open Issues & ldeas

What are the mathematical reasons for (non)convergence of the
iterative method 7

How to ensure convergence of the program for construction of
parallel addition algorithms ?

= Alternatives to elaborate:

o Higher order representation of zero

e carries possibly to both right and left
e help in Phase 2, especially for integer alphabets
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Open Issues & ldeas

What are the mathematical reasons for (non)convergence of the
iterative method 7

How to ensure convergence of the program for construction of
parallel addition algorithms ?

= Alternatives to elaborate:

o Higher order representation of zero

e carries possibly to both right and left
e help in Phase 2, especially for integer alphabets

e Use a different metric in C than the 'classical’ one to
guarantee convergence of Phase 1 for a broader class of bases.
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Thank you
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