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Flexible labelings of graphs

Definition
Let G = (V, E) be a simple connected graph.

e Let A\ : E — R, be an edge labeling of G.
A map p: V — R? is a realization of G compatible with X iff

lo(u) = p(v) || = Aluv)

for all edges uv in E.

e Two realizations p; and py are equivalent iff there exists a
direct Euclidean isometry o of R? such that p; = o o p».



Rigid and flexible labelings

A labeling A of G is:

e rigid if the number of realizations of G compatible with A\ up
to equivalence is positive and finite,

e flexible if the number of realizations of G compatible with A
up to equivalence is infinite.
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A labeling A of G is:

e rigid if the number of realizations of G compatible with A\ up
to equivalence is positive and finite,

e flexible if the number of realizations of G compatible with A
up to equivalence is infinite.

Let v be an edge of G and C C (R x R)!Y! be the zero set of

(XLM.yU) = ( )
(XVa}/v) = ()‘(BV) )
(xy — x\,)2 + (yu — ) = AMuv )2 Yuv e E

A labeling A of G is:

e rigid if 0 < |C| < o0,
o flexible if |C| =



NAC-colorings

Definition
Let § : E — {blue, red} be a coloring of edges.

A cycle in G is an almost red cycle, if exactly one of its edges is
blue.

A coloring ¢ is called a NAC-coloring, if it is surjective and there
are no almost blue or almost red cycles in G.



Combinatorial characterization

Theorem
A connected graph with at least one edge has a flexible labeling if
and only if it has a NAC-coloring.
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Theorem
A connected graph with at least one edge has a flexible labeling if
and only if it has a NAC-coloring.
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Graphs with NAC-coloring

Definition

Let ~A be a relation on E x E such that e; ~ e iff there exists a
triangle subgraph 3 of G such that e, e, € E,. Let ~a be the
reflexive-transitive closure of ~{. G is called A-connected if

e1 ~ e forall e;,e0 € E.
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Necessary and sufficient conditions

Theorem
If a graph G has a NAC-coloring, then there is no spanning
subgraph H of G such that H is /A-connected.
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Necessary and sufficient conditions

Theorem
If a Laman graph G has a NAC-coloring, then G is not
/\-connected.

Lemma
If there exists an independent set of vertices V. which separates G,
then G has a NAC-coloring.

Lemma

Let E. be a set of edges of G that are not in any triangle and let
E. separate G. If the subgraph induced by E. contains no path of
length four, then G has a NAC-coloring.
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Laman graphs

Definition
A graph G = (V,E) is called Laman, if |[E| =2|V|— 3 and
|E’| < 2|V'| — 3 for every subgraph (V’/, E’) of G.
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Laman graphs

Definition
A graph G = (V,E) is called Laman, if |[E| =2|V|— 3 and
|E’| < 2|V'| — 3 for every subgraph (V’/, E’) of G.

For which Laman graphs is the set of flexible labelings nonempty?
How does the set look like?

If a Laman graph G has a NAC-coloring, then G is not
/\-connected.

Can we prove the opposite implication?
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Problematic graphs

Definition
A Laman graph G is called problematic, if the following hold:
1. deg(v) >3 forall v e Vg,

2. if deg(v) = 3, then exactly two neighbours of v are connected
by an edge and both have degree at least 4,

3. all vertices are in some triangle C3 C G.
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Theorem

If a Laman graph G is not A\-connected, then it has a
NAC-coloring, or there exists a problematic graph G’ with no
NAC-coloring such that G can be constructed from G’

by Henneberg steps.
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Conjecture

Theorem

If a Laman graph G is not A\-connected, then it has a
NAC-coloring, or there exists a problematic graph G’ with no
NAC-coloring such that G can be constructed from G’

by Henneberg steps.

Conjecture
Every problematic Laman graph has a NAC-coloring.
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Flexible labelings with infinitely many injective realizations
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Open questions

e Proof of the conjecture:
Every problematic Laman graph has a NAC-coloring.

e Is there any efficient way to check whether a graph has a
NAC-coloring? How to list all of them?

e How many different NAC-colorings does a graph have?
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e Proof of the conjecture:
Every problematic Laman graph has a NAC-coloring.

e Is there any efficient way to check whether a graph has a
NAC-coloring? How to list all of them?

e How many different NAC-colorings does a graph have?
o Sufficient (combinatorial) conditions for existence of a flexible

labeling with infinitely many injective realizations?

e Full characterization of all flexible labelings of a Laman graph?
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Thank you

jan.legersky@risc.jku.at

jan.legersky.cz
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