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Movable graphs

An edge labeling A : E — R, of a graph G = (V, E) is called flexible if
there are infinitely many non-congruent realizations p : V — R? such
that ||p(u) — p(v)|| = A(uv) for all edges uv in E.

(XU7.)/D) = (an)
(x7. yv) = (A\(@V), 0)
(o = %)+ (Vo — ) = Muwv)?, VYuveE

An irreducible component of the solution set is called an algebraic motion.



Movable graphs

An edge labeling A : E — R, of a graph G = (V/, E) is called proper flexible if
there are infinitely many non-congruent injective realizations p : V — R? such
that ||p(u) — p(v)|| = A(uv) for all edges uv in E.

A graph is called movable if it has a proper flexible labeling.

(xa, ya) = (0,0)

(xv, yv) = (A(@V),0)
(xu = x)>+ (u — ww)* = Muv)®, VYuveE
(Xu_XV)2+(yu_YV)2 #0, Vuv¢E.



NAC-colorings

Definition

A coloring of edges ¢ : E — {blue, red} is called a NAC-coloring, if it is
surjective and for every cycle in G, either all edges in the cycle have the same
color, or there are at least two blue and two red edges in the cycle.



NAC-colorings

Definition

A coloring of edges ¢ : E — {blue, red} is called a NAC-coloring, if it is
surjective and for every cycle in G, either all edges in the cycle have the same
color, or there are at least two blue and two red edges in the cycle.

Theorem (GLS)
A connected graph with at least one edge has a flexible labeling if and only if
it has a NAC-coloring.



Grid construction
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Movable graphs up to 7 vertices

Theorem (GLS)
The maximal movable graphs with at most 7 vertices that are spanned by a
Laman graph and have no vertex of degree two are the following:
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Classification of proper flexible labelings of bipartite graphs is known (Dixon,
Maehara, Walter-Husty)



Embedding in R3

Lemma (GLS)

If there exists an injective realization of G in R3 such that every edge is
parallel to one of the four vectors (1,0,0), (0, 1,0),(0,0,1),(-1,-1,-1),
then G is movable.



Motion of Q1




Active NAC-colorings

4 Gam ) = (O =) £ i) (o =) il =) = X,

Vv
Wiv gy

(xu—x)

n
E Wy, v, = 0 and E Zy;.u;., = 0 for every cycle (uo, u1, ..., Un, Unt1 = Up)
i=0 i=0



Active NAC-colorings

(Xu_Xv)2 + (yu_yv)2 = g(Xv_Xu) + ’.(yv_)/u)l((xv_xu)_i()/v_)/u)l - )\3\/

n
E Wy, v, = 0 and E Zy;.u;., = 0 for every cycle (uo, u1, ..., Un, Unt1 = Up)
i=0 i=0

Definition

A NAC-coloring 6 of G is called active w.r.t. an algebraic motion C if there
exists a valuation v of the function field of C and a € Q such that

d(uv) = red if and only if v(W,, ) > « for all uv € E.



Active NAC-colorings of quadrilaterals

Quadrilateral Motion active NAC-colorings
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Three-prism
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Leading coefficient system

A Laurent series parametrization of an algebraic motion gives a valuation
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—> comparing the leading coefficients yields a system of equations
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Leading coefficient system

A Laurent series parametrization of an algebraic motion gives a valuation
—> comparing the leading coefficients yields a system of equations
= elimination using Grobner basis provides an equation in \,,'s.

If the valuation gives only one active NAC-coloring ¢, then ¢ determines the
leading coefficient system.
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Leading coefficient system

A Laurent series parametrization of an algebraic motion gives a valuation
—> comparing the leading coefficients yields a system of equations
= elimination using Grobner basis provides an equation in \,,'s.

If the valuation gives only one active NAC-coloring ¢, then ¢ determines the
leading coefficient system.

K K B < K B
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Triangle in Q1
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Triangle in Q1

2 2,2 2 2 2 2 2 2 2 2
Considering the equation as a polynomial in r, the discriminant is

(As6 + As7 + Ae7)(As6 + As7 — Ae7)(Ase — As7 4+ Ae7)(Ase — As7 — Ae7)s?
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Triangle in Q1

2 2,2 2 2 2 2 2 2 2 2
Considering the equation as a polynomial in r, the discriminant is

(As6 + As7 + Ae7)(As6 + As7 — Ae7)(Ase — As7 4+ Ae7)(Ase — As7 — Ae7)s?

In combination with the restriction to 4-cycles:

Theorem (GLS)
The vertices 5, 6 and 7 are collinear for every proper flexible labeling of Q1.
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Thank you

jan.legersky@risc.jku.at

jan.legersky.cz
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